(Communicated by the associate editor name)
Abstract. We consider various notions from the theory of dynamical systems from a topological point of view. Many of these notions can be sensibly defined either in terms of (finite) open covers or uniformities. These Hausdorff or uniform versions coincide in compact Hausdorff spaces and are equivalent to the standard definition stated in terms of a metric in compact metric spaces.
We show for example that in a Tychonoff space, transitivity and dense periodic points imply (uniform) sensitivity to initial conditions. We generalise Bryant's result that a compact Hausdorff space admitting a c-expansive homeomorphism in the obvious uniform sense is metrizable. We study versions of shadowing, generalising a number of well-known results to the topological setting, and internal chain transitivity, showing for example that ω-limit sets are (uniform) internally chain transitive and weak incompressibility is equivalent to (uniform) internal chain transitivity in compact spaces.
1. Introduction. A discrete dynamical system usually consists of a compact metric space X and a continuous function f from X to itself. A number of properties of interest in such systems are defined in purely topological terms, for example transitivity, recurrence, nonwandering points (see below for the definitions). Others are defined in terms of the metric or the existence of an equivalent metric on the space, for example sensitive dependence on initial conditions, chain transitivity and recurrence, shadowing and positive and c-expansivity.
A case in point is Devaney chaos. A system is Devaney chaotic if it is topologically transitive, has a dense set of periodic points and is sensitive to initial conditions. Transitivity and periodicity are topological notions preserved by topological conjugacy, whereas sensitivity depends on the particular metric. However, Banks et al [11] , Glasner and Weiss [24] and Silverman [36] show that sensitivity follows from transitivity and dense periodic points. A full characterization of sensitive transitive maps is given in [2] (for recent progress, see also [26] ). Blokh (see [35] ) and Vellekoop and Berglund [37] show that, on the interval, transitivity implies Devaney chaos. Wang et al [39] state that non-metric spaces do not admit a notion of sensitivity. In [38] , Wang et al consider various versions of Devaney chaos in the light of various notions related to transitivity.
Motivated by these ideas we show that in fact that many dynamical properties can be defined in a natural way on Hausdorff (but not necessarily compact or metric) spaces. It turns out that there are two sensible ways to do this, either in terms of finite open covers and in terms of uniformities (compatible with the topology). In the presence of compactness, where there is a unique uniformity, these two approaches are equivalent and in compact metric spaces they coincide exactly with the standard definition. Each has its advantages: using uniformities allows one to mimic existing metric proofs; using open covers can throw up new ideas, for example allowing one to use graph approximations to systems. The uniform approach has been studied in a number of cases: Hood [25] defines entropy for uniform spaces (see also [41] ); Morales and Sirvent [32] consider positively expansive measures for measurable functions on uniform spaces, extending results from the literature; Devaney chaos for uniform spaces is considered in [20] (for group actions) and in [9] ; Auslander Greschonig and Nagar [8] generalise many known results about equicontinuity to the uniform world; notions of expansion are considered in [18] , [19] , [34] ; contractions on uniform spaces are considered in [21] , [29] , [28] . Less appears to have been done via the open cover approach, although it has been used explicitly by Brian [17] , considering chain transitivity in compact Hausdorff spaces, and implicitly in, for example, [15] where Bernardes and Darji study the genericity of shadowing in Cantor sets.
In the context of generalisations of dynamics on compact metric spaces, we should also mention Akin's book [1] , which generalises the notion of iterations of a function to iterations of a relation and proves some results in more general contexts than compact metric. Again, the authors of [5] point out that many of their results can be recast in the uniform setting. Section 2 introduces some basic notions used throughout the paper. In Section 3, we introduce the notions of uniform and Hausdorff sensitivity. Theorem 3.2 shows that the two notions are equivalent in the class of compact Hausdorff spaces and coincide with the standard notion of sensitivity in compact metric spaces. The proof of 3.2, together with the proofs of all other such equivalences, is relegated to the Appendix. We then show that in a Tychonoff space transitivity and dense periodic points imply uniform sensitivity from which it follows that in a compact Hausdorff space transitivity and dense periodic points imply Hausdorff sensitivity. We end the section with two examples which show that unlike the case in compact metric spaces without isolated points transitivity is not equivalent to existence of a dense orbit.
In Section 4, we consider positively expansive and c-expansive maps. It turns out that a proof due to Bryant [19] shows that if a compact space admits a positively expansivity map or a c-expansive homeomorphism in the obvious uniform sense, then the space is metrizable. We extend this result to semi-open c-expansive maps.
It follows that a compact space admitting a uniform expanding map must also be metrizable.
There are very natural definitions of pseudo-orbits and shadowing in terms of uniformities and finite open covers. Section 5 looks at shadowing in compact Hausdorff spaces. We show that the identity map on a compact space has uniform shadowing if and only if the space is totally disconnected. Uniform shadowing is preserved by topological conjugacy. For sequentially compact and for compact spaces, uniform shadowing is equivalent to finite uniform shadowing. In compact spaces, a map has uniform shadowing if and only if it has uniform shadowing on a dense invariant set. A map g on a compact Hausdorff space has uniform shadowing if and only if g n has uniform shadowing for any/all n. A homeomorphism g has uniform full shadowing if and only if g −1 has uniform full shadowing. If g has uniform periodic shadowing, then the periodic points are dense in the uniform nonwandering points. In Section 6 we show that uniform internal chain transitivity is equivalent to weak incompressibility. If g has uniform shadowing, then the set of uniform nonwandering points is equivalent to the set of uniform chain recurrent points. In Section 7, we show that the induced map on the hyperspace of compact subsets of a compact Hausdorff space has uniform shadowing if and if the map itself does.
Most of our results were proved originally for metric spaces; in each case we give an appropriate reference to the original result in the statement of the generalised version.
2. Preliminaries. All of our spaces are Hausdorff unless otherwise indicated. The symbol N stands for the set of positive integers, Z represents the set of integers and R stands for the set of real numbers.
If A is a set, then |A| denotes the cardinality of A. If X is a metric space, x is a point of X and ε > 0, then
If X is metric space and U is a family of subsets of X, then the mesh of U, denoted mesh(U), is sup{diam(U ) | U ∈ U}.
A compactum is a compact metric space. We work with uniformities, we follow [22, Chapter 8] . We present the basic notation. Let Z be a Hausdorff space. If V and W are subsets of Z × Z, then
We write 1V = V and for each positive integer n, (n + 1)V = nV + 1V .
The diagonal of Z is the set ∆ Z = {(z, z) | z ∈ Z}. An entourage of the diagonal of Z is a subset V of Z × Z such that ∆ Z ⊂ V and V = −V . The family of entourages of the diagonal of Z is denoted by D Z . If V ∈ D Z and z ∈ Z, then B(z, V ) = {z ∈ Z | (z, z ) ∈ V }. By [22, 8.1.3] , Int(B(z, V )) is a neighbourhood of z. If A is a subset of Z and V ∈ D Z , then B(A, V ) = {B(a, V ) | a ∈ A}. If V ∈ D Z and (z, z ) ∈ V , then we write ρ(z, z ) < V . If (z, z ) ∈ V , then we write ρ(z, z ) ≥ V . If for any two elements a 1 and a 2 of A, ρ(a 1 , a 2 ) < V , then we write that δ(A) < V . If A and A are nonempty subsets of Z and U ∈ D Z , then we write ρ(A, A ) ≥ U if ρ(a, a ) ≥ U for all (a, a ) ∈ A × A . We also have that if z, z and z are points of Z, and V and W belong to D Z then the following hold [22, p. 426 
Let Z be a Tychonoff space. A uniformity on Z is a subfamily U of D Z such that:
(
Remark 2.1. Let Z be a Tychonoff space and let U a uniformity of Z that induces its topology. If V ∈ U, then we define the cover A map is a uniformly continuous function with respect to the uniformities of its domain and range. Note that, by Theorem 2.3, for functions defined between compact Hausdorff spaces, a map is just a continuous function.
Notation. Let Z be a compact Hausdorff space and let U Z be the unique uniformity of Z that induces its topology. If Y is a subspace of Z and U ∈ U Z , then
We need the following result [22, 8.3 
.G]:
Theorem 2.4. Let Z be a compact Hausdorff space and let U Z be the unique uniformity of Z that induces its topology. Then for every open cover U of Z, there exists V ∈ U Z such that C(V ) refines U.
The following simple lemma is useful.
Lemma 2.5. Let Z be a Tychonoff space, let U be a uniformity of Z that induces its topology, let V ∈ U and let z ∈ Z. Then B(z, nV ) ⊂ Int Z (B(z, (n + 1)V )) for all n ∈ N.
Proof. Let n ∈ N and let z ∈ B(z, nV ) and let z ∈ B(z , V ). Since ρ(z , z ) < V and ρ(z , z) < nV , we have that ρ(z , z) < (n + 1)V . Thus, B(z , V ) ⊂ B(z, (n + 1)V ). Therefore, by [22, 8.1.2] , B(z, nV ) ⊂ Int Z (B(z, (n + 1)V )). Lemma 2.6. Let Z be a compact Hausdorff space and let U be an open cover of Z.
WHAT IS TOPOLOGICAL ABOUT DYNAMICS? 5 3. Transitivity and Devaney chaos. The various related notions of transitivity in the literature are clearly topological in nature (see, for example, [3] , [4] , [10] , [16] ). Akin and Carlson [4] identify 7 notions of transitivity: let Z be a Hausdorff topological space and let g : Z → Z be a map.
• ( 
is dense in Z.
• (DO ++ ) There exists a point z in Z such that the ω-limit set ω(z, g) = Z Hence for perfect, second countable, non-meagre, Hausdorff spaces all 7 notions coincide. The notions also coincide in the case that the system is minimal (i.e. the forward orbit of every point is dense on the space). They give a complete picture of transitivity in the case that the space has an isolated point.
Banks and Brett [10] show that, for Hausdorff Z, the following are equivalent for a map g : Z → Z: TT; any invariant subset of Z is either dense or nowhere dense; every proper closed invariant subset of Z is nowhere dense; every backward invariant subset of Z with non-empty interior is dense. In [3] the authors also consider several strengthenings of the concept of topological transitivity for the class of compact metric spaces.
Let Z be a Hausdorff space and let g : Z → Z be a continuous function. In the sequel, we will say that g is topologically transitive if it satisfies TT; i.e., if for each pair of open subsets U and V of Z, there exists n ∈ N such that g n (U ) ∩ V = ∅. In the case that Z is a compact metric space with no isolated points this is equivalent to g having a dense forward orbit (i.e. the set {g n (x) | 0 < n} is dense for some x ∈ X [36] ). For infinite Hausdorff Z, if g has a dense orbit, then Z is separable and g is topologically transitive. We say that g is exact or locally everywhere onto if for each open subset U of Z, there exists n ∈ N such that g n (U ) = Z. Also, g is mixing if for each pair of open subsets U and V of Z, there exists N ∈ N such that g n (U ) ∩ V = ∅ for all n ≥ N and g is weakly mixing provided that g × g is transitive on Z × Z. Exact functions are mixing, mixing functions are weakly mixing, and weakly mixing functions are transitive. A point z in Z is a periodic point of g with (fundamental) period n provided that there exists n ∈ N such that g n (z) = z and g m (z) = z for any m < n. The set of periodic points of g is denoted by P er(g). βj (I βj ). Since the set of periodic points of f is dense in [0, 1], for each j ∈ {1, . . . , n}, there exists a periodic point t βj of f in I βj . Let {z β } β≤κ be the point of Z defined as follows: z β = 0 if β ∈ {β 1 , . . . , β n } and z βj = t βj for all j ∈ {1, . . . , n}. Then {z β } β≤κ is periodic point of g and belongs to U. By Theorem 3.3, g has uniform Devaney chaos.
One of the most frequently discussed notions of chaos is Devaney's; a continuous function, f : X → X, on a metric space is said to be Devaney Chaotic provided it is topologically transitive, has a dense set of periodic points and has sensitive dependence on initial conditions; i.e., there exists δ > 0 such that for every point x 1 of X and every ε > 0, there exist [11] and Silverman [36] prove that if f : X → X is a transitive continuous function on an infinite compact metric space X that has a dense set of periodic points, then f has sensitive dependence on initial conditions. Although the notion of sensitivity as defined clearly depends on the specific metric, it turns out that there are two natural definitions of sensitivity for arbitrary topological spaces which are equivalent in compact Hausdorff spaces.
Let Z be a Hausdorff space and let g : Z → Z be a continuous function. Then g has Hausdorff sensitive dependence on initial conditions, if there exists a finite open cover U of Z such that for every point z of Z and every open subset V of Z containing z, there exist v ∈ V and k ∈ N such that |{g
If Z is a Tychonoff space, U is a uniformity of Z that induces its topology, and let g : Z → Z be a map with respect to U , then g has uniform sensitive dependence on initial conditions if there exists a compatible uniformity U such that there exists V ∈ U such that for every point z in Z and every W ∈ U, there exist z ∈ B(z, W ) and
The two notions coincide in compact spaces, where there is a unique uniformity generating the topology (Remark 2.2), so that the notion of sensitivity is indeed topological. They are equivalent to the standard definition in compact metric spaces (in the sense that there is a metric with respect to which g is sensitive).
Theorem 3.2. Let Z be a compact Hausdorff space, and let g : Z → Z be a map. Then the following are equivalent:
(1) g has Hausdorff sensitive dependence on initial conditions; (2) g has uniform sensitive dependence on initial conditions. If Z is metric, then (1) and (2) are equivalent to (3) g has sensitive dependence on initial conditions.
The proof of Theorem 3.2 is left to the Appendix.
In the following theorem, we show that in Tychonoff spaces, transitive maps with dense periodic points are uniform sensitive, extending the result in [11, 36] . Theorem 3.3. Let Z be a Tychonoff space, let U be a uniformity of Z that induces its topology and let g : Z → Z be a map with respect to U. If g is transitive and its set of periodic points is dense in Z, then g has uniform sensitive dependence on initial conditions with respect to U.
Proof. Let q 1 and q 2 be two periodic points of g such that Ø(
We show that V 2 satisfies the definition of uniform sensitivity dependence on initial conditions. Let z be an arbitrary point of Z and let
. Since the set of periodic points of g is dense in Z, there exists a periodic point p in U . Let n be the period of p. By the previous paragraph, without loss of generality, we assume that
Since p has period n, we obtain that g
and g has uniform sensitive dependence on initial conditions. From Theorems 3.3 and 3.2, we obtain: Corollary 3.4. Let Z be a compact Hausdorff space, and let g : Z → Z be a map. If g is transitive and its set of periodic points is dense in Z, then g has Hausdorff sensitive dependence on initial conditions. Theorem 3.5. There exists a compact Hausdorff topological group Z and an exact map g : Z → Z such that the set of periodic points of g is dense in Z. Hence, g has uniform Devaney chaos.
Proof. Let Λ be an uncountable directed set. For each λ ∈ Λ, let X λ be the unit circle in the plane and for every two elements γ and λ of Λ such that γ ≥ λ, let f
, Λ} is a Hausdorff continuum that is a topological group. Let g : Σ → Σ be given by g({z λ } λ∈Λ ) = {z 2 λ } λ∈Λ . Note that g is well defined and continuous. Also, observe that g is an exact map and the set of periodic points of g is dense. Thus, by Theorem 3.3, g has uniform Devaney chaos.
4. Expansivity and metrizability. B. F. Bryant proves in [19, Corollary, p. 1164] that if a compact Hausdorff space admits a uniform c-expansive homeomorphism, then that space is metrizable. It is clear that his proof applies to uniform positively expansive maps. We extend his result to semi-open maps.
Let X be a metric space and let f : X → X be a continuous function. Then f is c-expansive (positively expansive) if there exists a topologically equivalent metric d on the space and a δ > 0 such that for any two points x 0 and y 0 of X and any two full orbits {x n } ∞ n=−∞ and {y n } ∞ n=−∞ through x and y, respectively (for any two points x 0 and y 0 of X and any two orbits {x n } ∞ n=0 and {y n }
Let Z be a Tychonoff space, let U be a uniformity that induces the topology of Z and let g : Z → Z be a map with respect to U . Then g is uniform c-expansive (positively expansive) if there exists a compatible uniformity U on Z and a U ∈ U such that for any two points z 0 and w 0 of Z, and any two full orbits {z n } ∞ n=−∞ and {w n } ∞ n=−∞ through z 0 and w 0 , respectively (for any two points z 0 and w 0 of Z and any two orbits {z n } ∞ n=0 and {w n }
However, in [27] , an example is given where the converse is not true. 
Corollary 4.2. Let Z be a compact Hausdorff space on which it is possible to define either a uniform positively expansive map or a uniform c-expansive semi-open map, then Z is metrizable.
One might try to extend the definition of metric expanding to the uniform case. First note the following result: Theorem 4.3. [33, Theorem 1] Let X be a compact metric space and let f : X → X be an onto map. Then the following statements are equivalent:
(1) f expands small distances; i.e., there exist a metric d for X and numbers ε > 0 and λ > 1 such that
(2) f increases small distances; i.e., there exist a metric d for X and ε > 0 such that
We use (2) of Theorem 4.3 to define uniform expanding maps: Let Z be a compact Hausdorff space and let g : Z → Z be an onto map. Then g is uniform expanding if there exist V, U ∈ U Z (Remark 2.2) such that for all distinct points z and z of Z such that ρ(z, z ) < V , we have that ρ(g(z), g(z )) ≥ U .
Observe the following:
Theorem 4.4. Let Z be a compact Hausdorff space and let g : Z → Z be an onto map. If g is uniform expanding, then g is uniform positively expansive.
Proof. Suppose g is uniform expanding. Then there exist V, U ∈ U Z (Remark 2.2) such that if z and z are distinct points of Z such that ρ(z, z ) < V , then ρ(g(z), g(z )) ≥ U . Without loss of generality, we assume that V ⊂ U . Let V ∈ U Z be such that 2V ⊂ V . Suppose that there exist two distinct points z and z in Z such that
Corollary 4.5. Let Z be a compact Hausdorff space on which it is possible to define a uniform expanding map, then Z is metrizable.
5. Uniform shadowing. There are very natural definitions of pseudo-orbits and shadowing in terms of uniformities and finite open covers. We look at shadowing in compact Hausdorff spaces. We show that the identity map on a compact space has uniform shadowing if and only if the space is totally disconnected. We also prove that uniform shadowing is preserved by topological conjugacy. Then we see that for sequentially compact and for compact spaces, uniform shadowing is equivalent to finite uniform shadowing. In compact spaces, a map has uniform shadowing if and only if it has uniform shadowing on a dense invariant set. A map g on a compact Hausdorff space has uniform (h-)shadowing if and only if g n has uniform (h-)shadowing for any/all n. A homeomorphism g has uniform full shadowing if and only if g −1 has uniform full shadowing. If g has uniform periodic shadowing then the periodic points are dense in the uniform nonwandering points.
Let X be a metric space and let f : X → X be a continuous function. Then
• For ε > 0, a point x of X ε-shadows the (finite or infinite) sequence {x 0 ,
• f has (finite) shadowing if for each ε > 0, there exists δ > 0 such that every (finite) δ-pseudo-orbit is ε-shadowed by a point of X.
• f has h-shadowing if for each ε > 0, there exists δ > 0 such that for every finite uniform δ-pseudo-orbit {x 0 , . . . , x r } of f , there exists a point x in X such that ρ(f l (x ), x l ) < ε for all l ∈ {0, . . . , r − 1} and f r (x ) = x r .
Let Z be a Hausdorff space, let U is a uniformity that generates the topology of Z, and let g : Z → Z be a map with respect to U (recall that uniformly continuous functions are continuous [40, 35.11] ). Then
• For a finite open cover V of Z, the (finite or infinite) sequence {z 0 , z 1 , . . .} of points of Z is a Hausdorff V-pseudo-orbit if for each j ≥ 0, there exists V j ∈ V such that {g(z j ), z j+1 } ⊂ V j .
• For an element V ∈ U, the (finite or infinite) sequence {z 0 , z 1 , . . .} of points of Z is a uniform V -pseudo-orbit if for each j ≥ 0, ρ(g(z j ), z j+1 ) < V .
•
• A point z of Z uniform U -shadows the (finite or infinite) sequence {z 0 , z 1 , . . .
• g has uniform (finite) shadowing if for every U ∈ U, there exists V ∈ U such that every (finite) uniform V -pseudo-orbit is uniform U -shadowed by a point of Z.
• g has Hausdorff h-shadowint provided that for every finite open cover U of Z, there exists a finite open cover V of Z such that every finite Hausdorff V-pseudoorbit {z 0 , . . . , z r } of g, there exists a point z in Z such that {g j (z), z j } ⊂ U j for all j ∈ {0, . . . , r − 1} and g r (z ) = z r .
• g has uniform h-shadowing if for each U ∈ U, there exists V ∈ U such that for every finite uniform V -pseudo-orbit {z 0 , . . . , z r } of g, there exists a point z in Z such that ρ(g l (z ), z l ) < U for all l ∈ {0, . . . , r − 1} and g r (z ) = z r . The proof of the following theorem is in the Appendix. Proof. Suppose Z is totally disconnected. Let U ∈ U Z (Remark 2.2). Since Z is totally disconnected, for each z ∈ Z, there exists an open and closed subset W z of Z such that z ∈ W z ⊂ B(z, U ). Since Z is compact, there exist z 1 , . . . , z n in Z such that Z = n j=1 W zj . Let W 1 = W z1 and for each j ∈ {2, . . . , n}, let
. .} be a uniform V -pseudo-orbit for 1 Z . Note that, by construction, there exists j ∈ {1, . . . , n} such that {w 0 , w 1 , . . .} ⊂ W j . Hence, if w ∈ W j , then ρ(w, w j ) < U for all j ≥ 0. Therefore, 1 Z has uniform shadowing.
Assume that Z is not totally disconnected. Then Z has a nondegenerate component K. Let z and z be two distinct points of K. Since Z is Hausdorff, there exists U ∈ U Z such that ρ(z, z ) ≥ U . Let V ∈ U Z be such that 2V ⊂ U . Since K is connected, there exists w 0 = z, w 1 , . . . , w n = z in K such that ρ(w j , w j+1 ) < V for each j ∈ {0, . . . , n − 1}. Suppose there exists w in Z such that ρ(w, w j ) < V for every j ∈ {0, . . . , n}. Since ρ(w 0 , w) < V , ρ(w, w n ) < V and 2V ⊂ U , we obtain that ρ(w 0 , w n ) < U . Since w 0 = z and w n = z , we have that ρ(z, z ) < U , a contradiction. Therefore, Z is totally disconnected. Proof. Suppose g has uniform shadowing. Let U ∈ U Z (Remark 2.2). Since h is uniformly continuous [40, 36.20] , there exists U ∈ U Z such that if z 1 and z 2 are points of Z such that ρ Z (z 1 , z 2 ) < U , then ρ Z (h(z 1 ), h(z 2 )) < U . Since g has uniform shadowing, there exists V ∈ U Z such that each uniform V -pseudo-orbit of g is uniform U shadowed by a point of Z. Since h −1 is uniformly continuous, there exists V ∈ U Z such that if z 1 and z 2 are points of Z such that
, z n ) < U for every n. Therefore, g has uniform shadowing.
The proof of the reverse implication is similar.
Theorem 5.4. Let Z be a Tychonoff space that is sequentially compact, let U be a uniformity that generates the topology of Z, and let g : Z → Z be a map with respect to U. Then g has uniform shadowing if and only if g has finite uniform shadowing Proof. Clearly, if g has uniform shadowing, then g has finite uniform shadowing. Suppose g has finite uniform shadowing. Let U ∈ U and let U ∈ U be such that 2U ⊂ U . Since g has uniform finite shadowing, there exists V ∈ U, such that each finite uniform V -pseudo-orbit is uniform U -shadowed by a point of Z. Let {z n } ∞ n=1
be an infinite uniform V -pseudo-orbit. For each n ∈ N, there exists z n ∈ Z such that z n uniform U -shadows {z 1 , . . . , z n }. Since Z is sequentially compact, {z n } ∞ n=1 has a convergent subsequence {z
. Therefore, g has uniform shadowing. The next two results are used in the proof of Theorem 7.4. Theorem 5.5. Let Z be a compact Hausdorff space, and let g : Z → Z be a map. Then g has uniform shadowing if and only if g has finite uniform shadowing Proof. Clearly, if g has uniform shadowing, then g has finite uniform shadowing.
Suppose g has finite uniform shadowing. Let U ∈ U Z (Remark 2.2) and let U ∈ U Z be such that 2U ⊂ U . Since g has uniform finite shadowing, there exists V ∈ U Z , such that each finite uniform V -pseudo-orbit is uniform U -shadowed by a point of Z. Let {z n } ∞ n=1 be an infinite uniform V -pseudo-orbit. For each n ∈ N, there exists z n ∈ Z such that z n uniform U -shadows {z 1 , . . . , z n }. If {z n } ∞ n=1 is a finite set, then it is clear that there exists an element z k ∈ {z n } ∞ n=1 such that
is an infinite set. Let z 0 be a limit point of
. Therefore, g has uniform shadowing. Proof. Suppose g has uniform finite shadowing and let U ∈ U Z (Remark 2.2). Let U ∈ U Z be such that 2U ⊂ U . Since g has uniform finite shadowing, there exists V ∈ U Z such that every uniform finite V -pseudo-orbit is uniform U -shadowed by an element of Z. Let {y 0 , . . . , y r } be a uniform finite V Y -pseudo-orbit (Notation 2) of g| Y . Note that {y 0 , . . . , y r } is a uniform V -pseudo-orbit of g. Since g has uniform finite shadowing, there exists an element z of Z such that for each j ∈ {0, . . . , r}, ρ(g j (z), y j ) < U . Since g is a map, there exists U r−1 ∈ U Z such that 2U r−1 ⊂ U and g(B(g r−1 (z), U r−1 )) ⊂ B(g r (z), U ). Since g is a map, there exists U r−2 ∈ U Z such that 2U r−2 ⊂ U r−1 and g(B(g r−2 (z), U r−2 )) ⊂ B(g r−1 (z), U r−1 ). Continuing with this process, we obtain a finite sequence {U 0 , . . . , U r−1 } of elements of U Z such that for every j ∈ {0, . . . , r − 2},
Since U j ⊂ U and 2U ⊂ U , we obtain that ρ(g j (y), y j ) < U . Thus, y uniform U Y -shadows {y 0 , . . . , y r }. Therefore, g| Y has uniform finite shadowing.
Assume g| Y has uniform finite shadowing. Let U ∈ U Z and let U ∈ U Z be such that 2U ⊂ U . Since g| Y has uniform finite shadowing, there exists V ∈ U Z (Notation 2) such that each uniform finite V Y -pseudo-orbit of g| Y is uniform U Yshadowed by an element of Y . Let V ∈ U Z be such that 4V ⊂ V . Let {z 0 , . . . , z r } be a uniform finite V -pseudo-orbit of g. Since g is a map, there exist W and W in U Z such that W + W ⊂ V , W ⊂ U , and for every j ∈ {0, . . . , r}, if ρ(y, z j ) < W , then ρ(g(y), g(z j )) < W . Since {z 0 , . . . , z r } is a uniform finite Vpseudo-orbit of g, ρ(g(z j ), z j+1 ) < V for all j ∈ {0, . . . , r − 1}. For every j ∈ {0, . . . , r}, let y j ∈ Int Z (B(z j , W )) ∩ Y . Let j ∈ {0, . . . , r − 1}. Then, since ρ(g(y j ), g(z j )) < W , ρ(g(z j ), z j+1 ) < V and ρ(y j+1 , z j+1 ) < W , we have that ρ(g(y j ), y j+1 ) < W + V + W . Since W + W ⊂ V and 4V ⊂ V , we obtain that ρ(g(y j ), y j+1 ) < V . Hence, {y 0 , . . . , y r } is a uniform finite V Y -pseudo-orbit of g| Y . Since g| Y has uniform finite shadowing, there exists y ∈ Y such that for each j ∈ {0, . . . , r}, ρ(g j (y), y j ) < U Y . Let j ∈ {0, . . . , r}. Then, since ρ(g j (y j ), y j ) < U and ρ(y j , z j ) < W , we have that ρ(g j (y), z j ) < U + W . Since W ⊂ U and 2U ⊂ U , we obtain that ρ(g j (y), z j ) < U . Thus, y uniform U -shadows {z 0 , . . . , z r }. Therefore, g has uniform finite shadowing.
Lemma 5.7. [13, Lemma 3.8] Let Z be a compact Hausdorff space and let g : Z → Z be an onto map, let U ∈ U Z (Remark 2.2) and let n ∈ N. Then there exists V ∈ U Z such that if {z 0 , . . . , z n } is a uniform V -pseudo-orbit for g and z is a point of Z such that ρ(z, z 0 ) < V , then ρ(g k (z), z k ) < U for all k ∈ {1, . . . , n}.
Since g is a map, there exists V n ∈ U Z such that V n ⊂ V n and if ρ(z, z ) < V n , then ρ(g(z), g(z )) < V n . Suppose we have found
Continuing with this process, we have that for
The next theorem extends [7, 2.3.3] to uniform shadowing and uniform h-shadowing.
Theorem 5.8. [13, Theorem 3.9] Let be a compact Hausdorff space and let g : Z → Z be an onto map. The following are equivalent:
(1) g has uniform shadowing; (2) g n has uniform shadowing for some n ∈ N; (3) g n has uniform shadowing for all n ∈ N.
The same holds for uniform h-shadowing.
Proof. We prove the result for uniform h-shadowing; the proof for uniform shadowing is similar. It is clear that (3) implies (2) . The fact that (1) implies (3) is also clear, since for every V ∈ U Z (Remark 2.2) and each n ∈ N, if {y 0 , . . . , y m } is a uniform V -pseudoorbit for g n , then {y 0 , g(y 0 ), . . . , g n−1 (y 0 ), y 1 , g(y 1 ), . . . , g n−1 (y 1 ), y 2 , . . . , y m−1 , g(y m−1 ), . . . , g n−1 (y m−1 ), y m } is a uniform V -pseudo-orbit for g. Now, we show that (2) implies (1). Let n ∈ N and suppose that g n has uniform h-shadowing. Let U ∈ U Z . By Lemma 5.7, there exists V ∈ U Z such that if {z 0 , . . . , z n } is a uniform V -pseudo-orbit for g and z is a point of Z such that ρ(z, z 0 ) < V , then ρ(g k (z), z k ) < U for all k ∈ {1, . . . , n}. Since g n has uniform h-shadowing, there exists W ∈ U Z such that if {w 0 , . . . , w r } is a uniform W -pseudo-orbit for g n , there exists a point w in Z such that ρ(g nk (w), w k ) < V for each k ∈ {0, . . . , r−1} and g nr (w) = w r . By Lemma 5.7, there exists W ∈ U Z such that whenever {z 0 , . . . , z n } is a uniform W -pseudo-orbit for g, we have that ρ(g k (z 0 ), z k ) < W for every k ∈ {1, . . . , n}. Let {w 0 , . . . , w m } be a uniform W -pseudo-orbit for g. Note that there exist j ≥ 0 and r < n such that m = jn + r. Since g is onto, there exists z ∈ Z such that g n−r (z) = w 0 . Then {z, g(z), . . . , g n−r (z), w 1 , . . . , w m } is a uniform W -pseudoorbit for g, which we enumerate obtaining the sequence {y 0 . . . , y (j+1)n }. We show that {y 0 , y 2n , . . . , y (j+1)n } is a uniform W -pseudo-orbit for g n . To this end, observe that {y 0 , . . . , g n−r (y 0 ) = y n−r , . . . , y n } is a uniform W -pseudo-orbit for g of length n + 1. Hence, ρ(g n (y 0 ), y n ) < W (Lemma 5.7). Continuing with this process, we have that ρ(g n (y n ), y ( +1)n ) < W for all ∈ {1, . . . , j}.
Since g n has uniform h-shadowing, there exists a point w of Z such that ρ(g n (w), y n ) < V for every ∈ {0, . . . , j} and ρ(g (j+1)n (w) = y (j+1)n . By the definition of V , ρ(g kn+ (w), y kn+ ) < U for each k ∈ {0, . . . , j + 1} and all ∈ {0, . . . , n − 1}. Thus, the point w uniform U -shadows the uniform W -pseudo-orbit {y 0 , y 2n , . . . , y (j+1)n } = {z, g(z), . . . , g n−r (z), w 1 , . . . , w m } for g. As a consequence of this, the point u = g n−r (w) uniform U -shadows the uniform W -pseudo-orbit {w 0 , . . . , w m } and g m (u) = g m (g n−r (w)) = g (j+1)n (w) = y (j+1)n = w m . Therefore, g has uniform h-shadowing.
As a consequence of Theorems 5.1 and 5.8, we have that:
Theorem 5.9. [13, Theorem 3.9] Let be a compact Hausdorff space and let g : Z → Z be an onto map. The following are equivalent:
(1) g has Haudorff shadowing; (2) g n has Hausdorff shadowing for some n ∈ N;
(3) g n has Hausdorff shadowing for all n ∈ N.
The same holds for Hausdorff h-shadowing.
Let Z be a compact Hausdorff space and let g : Z → Z be a homeomorphism. Then g has full uniform shadowing provided that for each U ∈ U Z (Remark 2.2), there exists V ∈ U Z such that if {z n } ∞ n=−∞ is a uniform V -pseudo-orbit of g, then there exists a point z in Z such that ρ(g n (z), z n ) < U for all n ∈ Z. Proof. Let U ∈ U Z (Remark 2.2). Since g has full uniform shadowing, there exists V ∈ U Z such that if {z n } ∞ n=−∞ is a uniform V -pseudo-orbit of g, then there exists a point z in Z such that ρ(g n (z), z n ) < U for all n ∈ Z. Since g is a map, there exists V ∈ U Z such that if z and z are two points of Z such that ρ(z , z ) < V , then ρ(g(z ), g(z )) < V .
Let {z n } ∞ n=−∞ be a uniform V -pseudo-orbit of g −1 . Since ρ(g −1 (z n ), z n+1 ) < V for every n ∈ Z, we have that ρ(z n , g(z n+1 )) < V for all n ∈ Z. For each n ∈ Z, let w n = z −n . Then {w n } ∞ n=−∞ is a uniform V -pseudo-orbit of g. Thus, there exists a point z of Z such that ρ(g n (z), w n ) < U for every n ∈ Z. This implies that ρ(g n (z), z −n ) < U for each n ∈ Z. Hence, ρ(g −n (z), z n ) < U for all n ∈ Z. Therefore, g −1 has full uniform shadowing.
Let Z be a compact Hausdorff space and let g : Z → Z be a map. Then g satisfies the uniform periodic shadowing property, if for all U ∈ U Z (Remark 2.2), there exists V ∈ U Z such that for every n ∈ N and each uniform periodic Vpseudo-orbit z 0 , . . . , z n−1 -that is a finite sequence of points z 0 , . . . , z n−1 such that ρ(g(z j ), z (j+1)(mod n) ) < V -, there exists a point z in Z, of period n, such that for all j ∈ {0, . . . , n − 1}, ρ(g j (z), z j+1 ) < U . Let Z be a compact Hausdorff space and let g : Z → Z be a map. A point z of Z is a wandering point of g, if there exists an open subset W of Z such that z ∈ W and g n (W ) ∩ W = ∅ for all n ∈ N. If z is not a wandering point of g, then z is a non-wandering point of g. The set of non-wandering points of g is denoted by Ω(g).
Theorem 5.11. [7, Theorem 2.4.8] Let Z be a compact Hausdorff space and let g : Z → Z be a map satisfying the uniform periodic shadowing property. Then P er(g) is dense in Ω(g).
Proof. Let z ∈ Ω(g) and let W be an open subset of Z such that z ∈ W . Then there exists U ∈ U Z (Remark 2.2) such that B(z, U ) ⊂ W . Let U ∈ U Z be such that 2U ⊂ U . Since g satisfies the uniform periodic shadowing property, there exists V ∈ U Z such that for each N ∈ N and every uniform periodic Vpseudo-orbit, {z 0 , . . . , z n−1 }, there exists a point z of Z, of period n, such that for all j ∈ {0, . . . , n − 1}, ρ(g j (z ), z j ) < U . Without loss of generality, we assume that V ⊂ U . Let V ∈ U Z be such that 2V ⊂ V . Since z ∈ Ω(g), there exist z ∈ Int Z (B(z, V )) and an integer n ≥ 1 such that g n (z ) ∈ Int Z (B(z, V )). Hence, ρ(z , g n (z )) < 2V . Thus, since 2V ⊂ V , ρ(z , g n (z )) < V . This implies that there exists a point z in Z, of period n+1, such that ρ(z , z ) < U , and for all j ∈ {1, . . . , n}, ρ(g j (z ), g j (z )) < U . Since ρ(z, z ) < V , ρ(z , z ) < U , V ⊂ U and 2U ⊂ U , we have that ρ(z, z ) < U . In particular, z ∈ W . Therefore, the set of periodic points of g is dense in Ω(g). 6 . Uniform internal chain transitivity. We prove that uniform internal chain transitivity is equivalent to weak incompressibility. We also show that if g has uniform shadowing, then the set of uniform nonwandering points is equivalent to the set of uniform chain recurrent points.
Let Z be a compact Hausdorff space, let Λ be a subset of Z and let g : Z → Z be a map. Then Λ is uniform internally chain transitive (or g is uniform internally chain transitive on Λ) if for every pair of points z and z of Λ and every U ∈ U Z (Remark 2.2), there exists a uniform U -pseudo-orbit {z 0 = z, . . . , z m = z } ⊂ Λ between z and z of length greater than one. The set Λ is weakly incompressible (or has weak incompressibility) if M ∩ Cl Λ (g(Λ \ M )) = ∅, for all nonempty, proper, closed subsets M of Λ. Let Z be a compact Hausdorff space and let g : Z → Z be a map. Then the ω-limit set of a point z in Z is the set
Note that in the non-metric case this does not necessarily coincide with the set of limit points of all subsequences of the sequence {g n (z)} ∞ n=1 : consider the extension of the function g : Z → Z given by g(n) = n + 1 to the Stone-Čech compactification βZ. Then ω(0, g) = βN \ N, but no point of βN \ N is the limit of a sequence. Proof. Let U ∈ U Z (Remark 2.2), and let U ∈ U Z be such that 3U ⊂ U . Since g is a map, there exists V ∈ U Z such that if z and z are two points of Z such that ρ(z , z ) < V , then ρ(g(z ), g(z )) < U . Without loss of generality, we assume that V ⊂ U .
Let w and w be two elements of ω(z, g). Then there exists m ≥ 2 such that
) is a uniform U -pseudo-orbit between w and w . For each w j ∈ W , there exists z j ∈ ω(z, g) such that ρ(w j , z j ) < U . Let z 0 = w and z k−m+1 = w . Then, for every j ∈ {0, . . . , k m }, we have that ρ(g(z j ), g(w j )) < U , ρ(g(w j ), w j+1 ) < U and ρ(w j+1 , z j+1 ) < U . Thus, ρ(g(z j ), z j+1 ) < 3U . Since 3U ⊂ U , we obtain that ρ(g(z j ), z j+1 ) < U . Therefore, ω(z, g) is uniform internally chain transitive.
Lemma 6.3. [14, Proposition 1] Let Z be a compact Hausdorff space, let Λ be a subset of Z and let g : Z → Z be a map. If Λ is a uniform internally chain transitive subset of Z, then g(Λ) ⊂ Λ; i.e., Λ is invariant.
Proof. We need to show that g(Λ) ⊂ Λ. Let z be a point of Λ. Let z be a point in Λ \ {z}, and let U ∈ U Z (Remark 2.2). Since Λ is uniform internally chain transitive, there exists a uniform U -pseudo-orbit for g {z 0 = z, . . . , z m = z } ⊂ Λ.
In particular, g(z) ∈ Λ. Therefore, Λ is invariant . Let j ∈ {1, . . . , r} and let B j = Λ ∩ Int Z (B(w j , U )). Let j 1 = 1. Unless B j1 = Λ, we have that G(B j1 ) = ∅, and there exists j 2 ∈ {1, . . . , r} \ {j 1 } such that B j2 ∩ Cl Λ (g(B j1 )) = ∅. Hence, B j2 ∩ g(B j1 ) = ∅. Suppose we have chosen B j1 , . . . , B j k in B such that for each t ∈ {2, . . . , k}, there exists s < t such that B jt ∩ g(B js ) = ∅.
Assume that
This implies that there exists t ∈ {1, . . . , k} such that B j k+1 ∩ g(B jt ) = ∅. Since B is a minimal cover, it follows that for any two elements B and B of B, there exist B 1 , . . . , B n in B such that B 1 = B, B n = B and B j+1 ∩ g(B j ) = ∅.
Let z and z be two points of Λ, and let B and B elements of B such that z ∈ B and z ∈ B . By the previous paragraph, there exist B 1 , . . . , B n in B such that B 1 = B, B n = B and B j+1 ∩ g(B j ) = ∅. For each j ∈ {1, . . . , n − 1}, let z j ∈ B j ∩ g −1 (B j+1 ). Let z 0 = z and let z n = z . Then {z 0 , . . . , z n } is a uniform U -pseudo-orbit, in Λ, for g from z to z . Therefore, Λ is uniform internally chain transitive.
Suppose Λ is uniform internally chain transitive. Let M be a nonempty, proper, closed subset of Λ. Let z ∈ Λ \ M , let z ∈ M , and let U 0 ∈ U Z . Since Λ is uniform internally chain transitive, there exists a uniform U 0 -pseudo-orbit for g from z to z . Let z U0 be the last point of the uniform U 0 -pseudo-orbit that is not in M and there exists a point w U0 in M such that ρ(g(z U0 ), w U0 ) < U 0 . Observe that U Z is a directed set with respect to reverse inclusion. Hence {z U } U ∈U Z and {w U } U ∈U Z are nets. Since Λ is compact, by [22, 3.1.23 and 1.6.1], we assume, without loss of generality, that {z U } U ∈U Z and {w U } U ∈U Z converge to z 0 and w 0 , respectively. Since g is a map, {g(z U )} U ∈U Z converges to g(z 0 ). Let U ∈ U Z and let V ∈ U Z be such that 3V ⊂ U . Then there exists V ∈ U Z such that V ⊂ V and ρ(w V , w 0 ) < V , ρ(g(z V ), g(z 0 )) < V and ρ(w V , g(z V )) < V . Hence, ρ(w 0 , g(z 0 )) < 3V . Since 3V ⊂ U , we obtain that ρ(w 0 , g(z 0 )) < U . Thus, w 0 = g(z 0 ). Therefore, g(z 0 ) ∈ M \ Cl Λ (g(Λ \ M )), and Λ is weakly incompressible.
Let Z be a compact Hausdorff space, let z be a point of Z and let g : Z → Z be a map. Then Z is uniform chain recurrent at z if for every U ∈ U Z (Remark 2.2), there exists a uniform U -pseudo-orbit {z 0 = z, z 1 , . . . , z m = z}, and m ≥ 1. Let CR(g) = {z ∈ Z | Z is uniform chain recurrent at z}. Proof. Let z ∈ CR(g) and let U ∈ U Z (Remark 2.2). Since g is a map, there exists V ∈ U Z such that if z and z are two points of
The following results are stated for homeomorphisms in [7, pp. 96 and 97]. They are true for onto maps. Proof. Let z ∈ Ω(g) and let U ∈ U Z (Remark 2.2). Since z ∈ Ω(g), there exists n ∈ N such that g n (Int Z (B(z, U ))) ∩ Int Z (B(z, U )) = ∅. Then {z, g(z), . . . , g n (z), z} is a uniform U -pseudo-orbit of g. Therefore, z ∈ CR(g).
Lemma 6.7. [7, Lemma 3.1.1] Let Z be a compact Hausdorff space, and let g : Z → Z be a map. Then CR(g) is closed in Z.
Proof. Let z ∈ Cl Z (CR(g)) and let U ∈ U Z (Remark 2.2). Let U ∈ U Z be such that 2U ⊂ U . Since g is a map, there exists V ∈ U Z such that V ⊂ U and if z and z are points of Z such that ρ(z , z ) < V , then ρ(g(z ), g(z )) < U . Let w ∈ Int Z (B(z, V )) ∩ CR(g). Since w ∈ CR(g), there exists a uniform V -pseudoorbit {w 0 , . . . , w m } such that w 0 = w = w m . Then {z, w 1 , . . . , w m , z} is a uniform U -pseudo-orbit of g. Therefore, CR(g) is closed in Z. Proof. By Lemma 6.6, we have that Ω(g) ⊂ CR(g). Let z ∈ CR(g) and let W be an open subset of Z containing z. Then there exists U ∈ U Z (Remark 2.2) such that B(z, U ) ⊂ W . Since g has uniform shadowing, there exists V ∈ U Z such that every uniform V -pseudo-orbit is uniform U -shadowed by a point of Z. Since z ∈ CR(g), there exists a uniform V -pseudo-orbit {z 0 , . . . , z m } such that z 0 = z = z m . Then, since g has uniform shadowing, there exists a point w in Z such that ρ(g j (w), z j ) < U for all j ∈ {0, . . . , m}. This implies that g m (B(z, U )) ∩ B(z, U ) = ∅. Hence, g m (W ) ∩ W = ∅. Therefore, z ∈ Ω(g), and CR(g) ⊂ Ω(g). 7 . Uniform shadowing on hyperspaces. We extend some results of [23] to the uniform case. In particular, we show that the induced map on the hyperspace of compact subsets of a compact Hausdorff space has uniform shadowing if and only if the map itself does.
Note that finite shadowing and shadowing are equivalent concepts for compact Hausdorff spaces (Theorem 5.5, compare with Theorem 5.4). Theorem 5.6 is useful in this section.
Let Z be a compact Hausdorff space. We consider the following hyperspaces of Z: 2 Z = {A ⊂ Z | A is closed and nonempty};
C n (Z) = {A ∈ 2 Z | A has at most n components}, n ∈ N;
C ∞ (Z) = {A ∈ 2 Z | A has only finitely many components};
We define a uniformity on 2 Z as follows: 
For the other hyperspaces, we use the restriction of 2 U Z to the corresponding hyperspace and we denote such restriction by: C n (U Z ), C ∞ (U Z ), F n (U Z ) and F ∞ (U Z ), respectively. In order to avoid confusion, we put a subindex to the expressions:
Let Z be a compact Hausdorff space and let g : Z → Z be a map. Then the functions: 2 g , C n (g), C ∞ (g), F n (g) and F ∞ (g), given by 2 
has (finite) uniform shadowing, then g has (finite) uniform shadowing.
Proof. We give the proof for 2 g , the proofs for the other maps are similar. Let U ∈ U Z (Remark 2.2). Then 2 U ∈ 2 U Z . Since 2 g has (finite) uniform shadowing, there exists V ∈ 2 U Z such that each (finite) uniform V-pseudo-orbit of 2 g is uniform 2 U -shadowed by an element of 2 Z . Let V ∈ U Z be such that 2 V ⊂ V. Let {z 0 , z 1 , . . .} be a (finite) uniform V -pseudo-orbit of g. Then {{z 0 }, {z 1 }, . . .} is a (finite) uniform 2 V -pseudo-orbit of 2 g . Since 2 V ⊂ V, {{z 0 }, {z 1 }, . . .} is a (finite) uniform V-pseudo-orbit of 2 g . Hence, there exists an element A of 2 Z such that for all j ≥ 0, ρ 2 Z ((2 g ) j (A), {z j }) < 2 U . Thus, if a ∈ A, then for each j ≥ 0, ρ 2 Z ((2 g ) j ({a}), {z j }) < 2 U . This implies that for every j ≥ 0, ρ Z (g j (a), z j ) < U . Therefore, g has (finite) uniform shadowing. Proof. Suppose g has uniform finite shadowing. Let U ∈ F ∞ (U Z ) (Remark 2.2). Then there exists U ∈ U Z such that F ∞ (U ) ⊂ U. Since g has uniform finite shadowing, there exists V ∈ U Z such that each uniform finite V -pseudo-orbit of g is uniform U -shadowed by an element of Z. Let L = {A 0 , . . . , A r } be a uniform finite F ∞ (V )-pseudo-orbit of F ∞ (g). Assume that A r = {a r,1 , . . . , a r,nr }. Since L is a uniform F ∞ (V )-pseudo-orbit of F ∞ (g), ρ F∞(Z) (F ∞ (g)(A r−1 ), A r ) < F ∞ (V ). Hence, for each j ∈ {1, . . . , n r }, there exists a r−1,j ∈ A r−1 such that ρ(g(a r−1,j ), a r,j ) < V . Similarly, for each j ∈ {1, . . . , n r }, there exists a r−2,j ∈ A r2 such that ρ(g(a r−2,j ), a r−1,j ) < V . Continuing with this process, we construct a uniform V -pseudo-orbit of g with n r elements. If j ∈ {1, . . . , n r }, then let Λ j = {a 0,j , . . . , a r,j } be the jth uniform V -pseudo-orbit constructed. Suppose nr j=1 Λ j r l=0 A l , and let k = max{ ∈ {0, . . . , r} | A \ nr j=1 Λ j = ∅}. Note the k < r. Let a k,nr+1 ∈ A k \ nr j=1 Λ j . Since ρ F∞(Z) (F ∞ (g)(A k−1 ), A k ) < F ∞ (V ), there exists a k−1,nr+1 ∈ A k−1 such that ρ(g(a k−1,nr+1 ), a k,nr+1 ) < V . Continuing with this process, we construct a uniform V -pseudo-orbit Λ nr+1 = {a 0,nr+1 , . . . , a k,nr+1 }. Since ρ F∞(Z) (F ∞ (g)(A k ), A k+1 ) < F ∞ (V ), there exists a k+1 ∈ A k+1 such that ρ(g(a k,nr+1 ), a k+1 ) < V . By the election of k, a k+1 ∈ nr j=1 Λ j . Suppose a k+1 ∈ Λ j0 . Hence, a k+1 = a k+1,j0 . Then Λ nr+1 = Λ nr+1 ∪ {a k+1,j0 , . . . , a r,j0 } is a uniform finite V -pseudo-orbit of g starting at a point of A 0 and ending at a point of A r . Repeat this process for all points in A k \ nr j=1 Λ j to obtain more uniform finite V -pseudo-orbits starting at points of A 0 , passing through the points of A k and ending at points of A r . Repeat the above process for all < k such that there exists a point of A that is not in any of the uniform finite V -pseudo-orbits of g already constructed. Suppose that we have m uniform finite V -pseudo-orbits of g, say Λ 1 , . . . , Λ m , each of which starts at a point of A 0 , ends at a point A r and each point of r j=0 A j belongs to at least one of the Λ 1 , . . . , Λ m . Since g has uniform finite shadowing, for each j ∈ {1, . . . , m}, there exists z j ∈ Z such that z j uniform U -shadows Λ j . Now, we show that {z 1 , . . . , z m } uniform F ∞ (U )-shadows L. Let a 0 ∈ A 0 . Then there exists j ∈ {1, . . . , m} such that a 0 ∈ Λ j . Since z j uniform U -shadows Λ j , we have that ρ(z j , a 0 ) < U . Hence, A 0 ⊂ B({z 1 , . . . , m}, U ). Let z j ∈ {z 1 , . . . , z m }. Since z j uniform U -shadows Λ j , there exists a 0 ∈ A 0 such that ρ(a 0 , z j ) < U . Thus, {z 1 , . . . , z m } ⊂ B(A 0 , U ). As a consequence of this, ρ F∞(Z) (A 0 , {z 1 , . . . , m}) < F ∞ (U ). Let k ∈ {1, . . . , r} and let a k ∈ A k . Then, by the way we constructed the uniform V -pseudo-orbits of g, for every l ∈ {0, . . . , k − 1}, there exists a l ∈ A l such that ρ(g(a l ), a l+1 ) < V . Thus, there exists j k ∈ {1, . . . , m} such that {a 0 , . . . , a k } ⊂ Λ j k . Since z j k uniform U -shadows Λ j k , we have, in particular, ρ(g k (z j k ), a k ) < U . Hence, A k ⊂ B({z 1 , . . . , z m }, U ). Let z j ∈ {z 1 , . . . , z m }. Since z j uniform U -shadows Λ j , there exists, for each l ∈ {0, . . . , k}, a l ∈ A l such that {a 0 , . . . , a k } ⊂ Λ j , and ρ(g l (z j ), a l ) < U . In particular, ρ(g k (z j ), a k ) < U . Thus, {z 1 , . . . , z m } ⊂ B(A k , U ). Hence, ρ F∞(Z) (A k , {z 1 , . . . , z m }) < F ∞ (U ). Since F ∞ (U ) ⊂ U, we have that for each k ∈ {0, . . . , m}, ρ F∞(Z) (A k , {z 1 , . . . , z m }) < U. Therefore, {z 1 , . . . , z m } uniform U-shadows L, and F ∞ (g) has uniform finite shadowing.
As a consequence of Theorems 7.3, 5.6, 5.5, and 7.2, we have: As a consequence of Theorem 5.1 and 7.4, we obtain: Theorem 7.5. Let Z be a compact Hausdorff space and let g : Z → Z be a map. Then g has Hausdorff shadowing if and only if 2 g has Hausdorff shadowing.
